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Abstract 

We consider a class of ordinary differential equations describing one-dimensional analytic systems 

with a quasi-periodic forcing term and in the presence of damping. In the limit of large damping, 

,S^ ' under some generic non-degeneracy condition on the force, there are quasi-periodic solutions which 

jrt , have the same frequency vector as the forcing term. We prove that such solutions are Borel summable 

at the origin when the frequency vector is either any one-dimensional number or a two-dimensional 

vector such that the ratio of its components is an irrational number of constant type. In the first 

case the proof given simplifies that provided in a previous work of ours. We also show that in any 

dimension d, for the existence of a quasi-periodic solution with the same frequency vector as the 

^ ' forcing term, the standard Diophantine condition can be weakened into the Bryuno condition. In all 

04 . cases, under a suitable positivity condition, the quasi-periodic solution is proved to describe a local 

>0 ' attractor. 

^. 

^ ■ 1 Introduction 

"^ I In this paper we pursue the study started in jjj d • We consider one-dimensional systems with a quasi- 

-4-^ ■ periodic forcing term in the presence of strong damping, described by ordinary differential equations of 

?3 ' the form 

ex + X + eg{x) ^ ef{ujt), (1.1) 

where uj G Mf^ is the frequency vector, g{x) and f{ip) are functions analytic in their arguments, with / 
quasi-periodic, i.e. 

fiiP) = Y, o^^-^U, (1.2) 

with average (/) — /o, and e > is a real parameter, physically representing the inverse of the damping 
coefficient. With • we are denoting the scalar product in W^. A Diophantine condition is assumed on a; 
for d > 1, that is 

\u}-v\>Cq\i'\-^ Vi/eZ''\{0}, (1.3) 

where l^*! — \u\i = \vi\ + . . . + \vd\, and Co and r are positive constants. The set of vectors satisfying the 
condition (|1.3|l is non-void for r > d — 1 and is of fuU measure for r > d — 1. For d = 1 we denote the 
vectors without boldface; in that case uj wiU be caUed the frequency number. 
In [3] we showed that, under the non-degeneracy condition 

3co e E. such that g{(X>) ~ /o and .g'(co) ^ 0, (1.4) 



X 



the system ()l.l|l admits a quasi-periodic solution x{t; e) with the same frequency vector as the forcing. 
Such a solution can be obtained by a suitable summation of the formal power series 

oo 

a;o(t;£):=^e'=xW(t), a;W(i) = ^ e'"''"'^l''\ (1-5) 

fc=o i^ez'' 

which solves the equations of motion order by order. For d — I (periodic forcing) the series H1.4|l is Borel 
summable in e. In Q] we also showed that if g'{co) > 0, for any d such a solution is locally an attractor. 
In some cases, for instance if g{x) = a:^^"*"^, p G M, and /o > 0, the attractor is global. 

In this paper we first give a different (simpler) proof of Borel summability in the periodic case (Section 
[21, then we prove that the formal series for the solution turns out to be Borel summable also for d = 2 
and r = 1 (Section |21l; this corresponds to frequency vectors with components such that their ratios 
are irrational numbers of constant type (i.e. numbers with bounded partial quotients in their continued 
fraction expansion) . The proof does not rely on Nevanlinna-type theorems |S] , but consists in checking 
directly that the conditions for the formal series of the solution to be Borel summable are satisfied, and 
follows the same strategy introduced in |4j to investigate Borel summability of lower-dimensional tori. 

Finally in Section 01 we show how to relax the Diophantine condition. We show that, in order to 
have the same results on existence and attractivity of the quasi-periodic solution, one can take u: to be 
a Bryuno vector, that is one can assume that, by defining 

°° 1 1 



n=0 



2" "•a„(a;)' "' ' |H<2" 



then a; satisfies the Bryuno condition B{uj) < oo. More formal statements will be given in next sections. 

2 Borel summability for d = 1 

First of all let us recall the definition of Borel summability [H^. Let /(e) ~ X]^i '^nS" a formal power 
series (which means that the sequence {a„};5^]^ is well defined). We say that /(e) is Borel summable if 

1. B{p) :— J2'^=i dnP^/nl converges in some circle \p\ < 5, 

2. B{p) has an analytic continuation to a neighbourhood of the positive real axis, and 

3. g{e) = J^ e^P/^B{p) dp converges for some e > 0. 

Then the function B{p) is called the Borel transform of /(e), and g{£) is the Borel sum of /(e). Moreover 
if the integral defining g(e) converges for some eo > then it converges in the circle Ree^^ > Ree,^"'^. A 
function which admits the formal power series expansion /(e) is called Borel summable if /(e) is Borel 
summable; in that case the function equals the Borel sum g(e). 

Theorem 2.1 Consider the system \1.1\) for d = \, and assume that the non- degeneracy condition \1.4\l 
is fulfilled. There exists ep > such that for |e| < eo there is a periodic solution x{t\e) which has the 
same frequency number as the forcing term and is Borel summable in e at the origin. If g'{co) > such 
a solution describes a local attractor. 

Proof. We consider explicitly the case g{x) = x^ in l|l.l|l . which corresponds to the varactor equation 
extensively studied in 0121^; the general case can be easily dealt with by reasoning as in Section VII of 
0. In P) we proved that the formal power series H1.5|l is well defined and that to any order k one has 






< Aie^'^kl, 



rik)l 



(t) <Aie2"*''fc!, (2.1) 



for suitable constants Ai and £2 (cf. formula (4.5) in JSJ). This means that the first condition, in the 
definition of Borel summability, is satisfied, with S = 82- 

In [3] we also proved that the formal power series can be summed, and gives a function 

00 
x(t;£) = ^^e-''*xW, (2.2) 

which is real-analytic and periodic in t, and analytic in e in a suitable domain tangent to the imaginary 
axis at the origin. The coefficients xi, can be written as 

a;W= Y. Val(0)' Val(^) = ( [] ■%) ( IT ^0' ^^"^^ 

eeTfc,„ eeL{e) veE(e)uv(e) 

where the symbols are defined as in Section V of [3]. We briefly recall the basic definitions and notations, 
with the purpose of making self-consistent the discussion; reference should be made to 3 for further 
details. 

A tree is a graph, that is a connected set of points and lines, with no cycle, such that all the lines 
are oriented toward a unique point (root) which has only one incident line (root line). All the points 
in a tree except the root are denoted nodes. The orientation of the lines in a tree induces a partial 
ordering relation (^) between the nodes. Given two nodes v and w, we shall write w ^ v every time v 
is along the path (of lines) which connects w to the root. We call E{9) the set of endpoints in 6, that 
is the nodes which have no entering line. The endpoints can be represented either as white bullets or 
as black bullets; we denote with Ew{9) and Eb{0) the set of white bullets and the set of black bullets, 
respectively. With each endpoint v we associate a mode label v^ G Z, such that ^-^ = if w G Ew{d) and 
z/^ 7^ if u £ Esid). We denote with L{0) the set of lines in 9. Since (. is uniquely identified with the 
point V which it leaves, we may write £ = £v With each line i we associate a momentum label ve G Z. 
The modes of the endpoints and and the momenta of the lines are related as follows: ii £ — £v one has 

t'£ = ^t^£i= ^ l^w, (2.4) 

i=l w£Eb{S):w^v 

where s^ denotes the number of lines entering v (one has Si, = 2 if g{x) — x^ in Hl.f|l . otherwise Sy > 2), 
and £1, . . . ,£s^ are the lines entering v. We denote by V{6) the set of vertices in 6, that is the set of 
points which have at least one entering line. We set Vo{9) — {v ^ V{9) : vg^ = 0}. We call equivalent two 
trees which can be transformed into each other by continuously deforming the lines in such a way that 
they do not cross each other. Let T^^y be the set of inequivalent trees of order k and total momentum v, 
that is the set of inequivalent trees 9 such that |V^(6')| -I- \Eb{9)\ — k and the momentum of the root line 
is v. We associate with each line £ a propagator 

^ il/{{iui'i){l+ieujvi)), t/£^0, 

^'11, z., = 0, 



with each vertex v a node factor 






and with each endpoint v a node factor 



F. = r"' -^^^^'} (2.7) 

le/.„, v^Eb{9). ^ ' 



Then 1)2.3(1 says that each coefficient x[, is given by the sum over aU trees of order k and total momentum 
V of the corresponding values. 

It is more convenient to slightly change the definition of node factors and propagators, by associating 
the factor e with the propagator gi of the line £ coming out from v and not with v itself. In this way the 
propagator of any line with £ momentum vi ^ is 

ge = g{ujvi;e), g{x]e) = — -, (2.8) 

ixyl + i£X) 

and the only dependence on e in Val(0) is through the product of propagators with non-vanishing mo- 
mentum.^ 

The function (|2.8|) is Borel summable, and its Borel transform is easily computed to be 

g-jpx g|Imp| |a:| 

9b{x;p) = — — =^ \gBix;p)\ < — r- — . (2.9) 

IX \x\ 

Moreover gB{x;p) is an entire function in p, and the integral /„ e~P'^gB{x;p) dp converges (absolutely) 
for all e > 0. 

For any tree 9 G 7fe,i/ the Borel trasform of Val{9) is given by a constant times the Borel transform of 
the product of the propagators with non-zero momentum. One has 

(vai(0))^(p)=( n 9(){ n F"){{ n 9i)^ip)), (2.10) 

^GLo(e) veE{e)uv(9) i^L2{e) 

where we have called Lq{0) is the set of lines in L{6) with zero momentum, and we have set L2{9) — 
L{9) \ Lq{9) (cf. Section IV of [3]). The Borel transform appearing in (|2.1U|I equals the convolution of 
the Borel transforms of the propagators with non-zero momentum, so that it can be bounded as 

where J|* denotes the convolution product, and \ijj\ < \ujvi\ < \(^U2v£Eb(o) I'^"!' '^^- Remarks (4) to (6) 
after Definition 1 in E] for properties of the Borel transforms we are using here. 
Therefore, for p in any strip S^^ = {p G C : |Imp| < a} of the real axis, we have 

I Y[ F^ exp ^llmpl max \xi\) < f'^^C^)! Y[ e-^l-'-l/^, (2.12) 

provided |a;|cr < ^/2, and summability over the Fourier labels in 1(2. 3|) is assured. The sum over k in 
H2.2I) produces a quantity bounded proportionally to the exponential e^'^', for some positive constant F. 
A comparison with 3 shows that F = l/eoi where eo is the same as in the statement of the theorem. 
In particular the Borel transform XB{t]p) of the series (|2.2ll turns out to have an analytic continuation 
to the strip Sct, and admits there the bound \xBit;p)\ < Ce'^'^l, for a suitable constant C. Hence the 
integral 

/•CO 

g{t;s):= / e-P/'xB{t;p)dp (2.13) 

Jo 

absolutely converges provided < e < eo- So also the last two conditions for the formal series of a;(t; e) 
to be Borel summable are satisfied. 



^Note that g{x;e) in 12.81 has a completely different meaning with respect to the function g{x) appearing in II. li . The 
same caveat applies to the propagators gl"l(a:;£) in Section O 



That the solution x{t;e) describes a local attractor, under the further condition .g'(co) > 0, follows 
from the analysis performed in Pj. ■ 

Note that, because of the analyticity properties oi XB{t;p), it follows, as a consequence of Nevanlinna's 
theorem [S], that the function defined by the integral (|2.13() is analytic in the circle Cn = {e G C : 
Ree~^ > R~^}, with R = Eq, and satifies the bound 

g(t;£)=^£^xW(t)+9^^(e), \^^{e)\ < AB^ Nl\ef , (2.14) 

fc=0 

with constants A and B independent of N. This is consistent with Proposition 5.3 of 0. 

3 Borel summability for d = 2 and r = 1 

In the case of quasi-periodic forcing terms for d == 2 we obtain the following result. 

Theorem 3.1 Consider the system ^■l\) for d = 2, and assume that lj satisfies the Diophantine con- 
dition |J.^) with T = 1 and that the non-degeneracy condition Jj./^| ) is fulfilled. There exists Eq > 
such that for \e\ < Eq there is a quasi-periodic solution x{t;e) which has the same frequency vector as the 
forcing term and is Borel summable at the origin. If g'{cQ) > such a solution describes a local attractor. 

Proof. Again we discuss explicitly the case g{x) = x^ in (|l.l|l . Let -0 be a non-decreasing C°° function 
defined in M.+ , such that 

and set x(u) := 1 - i'iu). Define, for aU n e Z+, Xn{u) := x(2"C(7^w/4) and ^„(w) := iP{T'Cq\/A). 

With each line i with zero momentum we associate a scale label ni = —1, while with each line witn 
non-zero momentum we associate (arbitrarily) a scale label ng G Zi+ = {0} U M. Then we can define 
cluster and self-energy clusters as in |S1IS1- A cluster T on scale n is a maximal set of points and lines 
connecting them such that all the lines have scales n' < n and there is at least one line with scale n. The 
lines entering the cluster T and the possible line coming out from it (unique if existing at all) are called 
the external lines of the cluster T. Given a cluster T on scale n, we shall denote by ht = n the scale 
of the cluster; we call V{T), E{T), Ew{T), Eb{T), and L{T) the set of vertices, of endpoints, of white 
endpoints, of black endpoints, and of lines of T, respectively. We call self-energy cluster any cluster T 
such that T has only one entering line £|n and one exiting line £^, and one has X^-ugb (T) ^^ ~ ^- With 
each line i with momentum vi and scale ni we associate a renormalised propagator gt = ^'"''(ci; • i'f;e), 
still to be defined. On the contrary the node factors are defined as in the previous case (with the only 
trivial difference that now u^, replacing i^t,, is a d-dimensional vector). 

Define the self-energy value Vt('^ • i'; e) in terms of the renormalised propagators and node factors as 

VT(a;-«.;£) = ( \{ g["^l(u; • i/,;e)) ( [] F,), (3.2) 

leL{T) veE{T)UV(T} 

where v is the momentum of both the external lines of T. 

We proceed as in Section VI of 0, with the only two differences that we perform a preliminary 
summation by including the contribution — 2eco (arising from the self-energy graphs on scale —1) into 
the propagator g^°\x;e), and - as in the periodic case of Section 12- we associate the factors e to the 



propagators with non-zero momentum. Therefore we define^ 



Kx;e) 



ix{l + iex) — 2eco ' 






(3.3) 



whereas the propagators on scale n > 1 are defined as in |3], again with a factor e appearing in the 
numerator of the propagators with non-zero momentum; this means that one has 



[n]( N ^ £Xoi\x\) ■ ■ ■ Xn-li\x\)ij„i\x\) 

^ ^^' ' ia;(l + iea;)-7W["-il(a:;e) ' 

n OQ 

M^"^ix;e)^Y.^oi\x\)...Xp^i{M)Xn{\x\)Mi''Kx;e), M["1(x;£) = £^ ^ Vt(:^;£) 



(3.4) 



where the set of renormahzed self-energy clusters 5^„ is defined ad the set of self-energy clusters T on 
scale nr = n and of order k (that is with |1^(T)| + \Eb{T)\ — k). With respect to El a further factor 
e appears in M^"'{x;e), n >0, simply because there is one of such factors per node (vertex or endpoint) 
with exiting line carrying a non-zero momentum - cf. Section 6 in [2| -, and we are associating the factors 
e with the lines instead of the nodes. 

An easy computation gives, for the Borel transform oi g^'^'{x;e), 



.L^x;p)-^°(l^l) 



IX 



exp(-zp(x-2|)) 



< __p(bl+2|co|/|2;|)|Imp| 



If we set, for n > 0, 



gW(^.e) 



y\x\ < 2"("-i)Co 



ix{l + iex) -7W["-il(x;e) 
and define Af["l(a;;e) — A4^^^{x;e) — ^A^^^^^\x■,e), we obtain the recursive equations 

(fff"! {x; e)y' = (5!"-^! {x; e)) '' - ^„{\x\) . . . Xn-i{\x\)e-' M^^-'^ {x; e) 

By using these equations we can prove inductively the bound 



n> 1. 



(3.5) 



(3.6) 



(3.7) 



(3.8) 



where Kq and kq are two constants, and the sequences {c„}J5^oj Wn}n'=o^ {^nl^c i'^nln^o ^^^ *o ^le 
find out. 

The proof proceeds as in Appendix Al of 3]. Set xg = uj ■ fe, and call Lq{T) and L2{T) the set of 
lines in L{T) with zero momentum and the set L2{T) = L{T) \ Lq{T), respectively. First we use the 
inductive bound to obtain 



/ M[^l(a;;£) 



< 



E E ( n 



k=2TesJ: 



eeL„{T) 



n ^^ 

veE{T)uV{T) 



( TT*— 

eeL2{Ty 



( n 



< I II e 

v&Eb(0) 






e 

00 



(3.9) 



fc=2 



(fc-2)! 



(c„_i+c^_i2"^^)|p|+Kod;,_i2"|Imp| 



^See footnote 1 in Section 1^ 



where Dq — T^, r^ — T + cn-i + Tqc'^_-{2^/'^, for some A^-independent constant Fq. The bound in the 
last hne of (j3.9|l has been obtained by using part of the exponential decay (say one fourth) of the node 
factors associated with the endpoints to control the exponent kqcIn-i inax£gi2(T) \xi\, provided div-i < d 
for some TV-independent constant d and |Imp| < a, with a small enough, more precisely Kof<i|w| < ^/4. 
By explicitly performing the sum over k we obtain from (|3.6fl 



M[^l( 



X. c I 



< Doe''"^P^e-^°^" , (3.10) 

where we have used the bound J2veEB(T) 1^" I — ^iS^, for a suitable constant Fi ~ see formula (7.12) of |S] 
- and again part of the exponential decay (say another one fourth) of the node factors associated with the 
endpoints to control the exponent Ko(i^_22^|Imp|, provided again d'^_^ < d' for some iV-independent 
constant d' and n^d'a < ^Ti/A; in particular one finds ^o = ri^/4. 

Then, by using (|3.1U|) and, once more, the inductive bound, we obtain from H3.7|l 



fg\x,p)\ < ^Qi'^»-i+<^'N-l\^r''^)\p\+'^o(dN-l\x\+d'^_,\x\-')\lmp\ 

I \x\ 



^-^ \ \ ^ \ <x 



fe=0 



(3.11) 



with a* — a ^ a * ... 'If a (fc times). This gives 



,2 ^ fc 



which implies the bound H3.5|l for n — N, with c^ = r^ = T + cp^^i + Toc'j^_^2^''^, c'j^ — c'j^_i + 
V A'o-Doe"'^''^", dN = ^at-i and d'j^ = d'j^_-^. In particular one has djv = rf = 1 and djsi' — d' — 2|co|, so 
that there exists a constant c > such that max{c„2~"/^, cj^, d„, d„'} < c for all n > 0. 

The bounds (|3.8|l for the Borel transforms of the propagators can be used to obtain a bound on the 
Borel transform XB{t',p) of x(t; e). We omit the details, which can be derived exactly as in Appendix Al 
of 0]. Eventually one finds the bound 



\XB 



it;p)\<C^e^^\p\\ (3.13) 



for suitable constants Ci and C2. Again, the bound H3.13|l and the analyticity properties of XB{t',p) 
implies that x{t;e) is Borel summable, and it can be written for e > as 

/•OO 

x{t;e)^ / e-P/'xB{t;p)dp, (3.14) 

Jo 

in terms of its Borel transform. 

As in the case d — 1 the last statement of the theorem has been proved in [T] . ■ 

In the general case g{x) ^ x'^ in l|l.l|l the quantity 2co has to be replaced with g'ico), with g'{co) ^ 
by hypothesis. Then the discussion proceeds as in Section VII of .3_. 

Note also that in the case d — 2 and r = 1 the Borel transform is still defined in a strip around 
the real axis, but it does not satisfy any more an exponential bound like in the case d = 1 (at least the 
argument given above does not provide an estimate of this kind). Thus, we cannot apply Nevanlinna's 
theorem to prove Borel summability. 



4 Bryuno frequency vectors 

Let u) e W^ be a Bryuno vector. This means that Biuj) < oo, with B{u)) defined in l|1.6(l . 

Theorem 4.1 Consider the system Hl.l\) for any d > 2, and assume that ui satisfies the Bryuno condition 
B{uj) < oo and that the non- degeneracy condition {1.4\j is fulfilled. There exists £o > such that for 
all real \e\ < Eq there is a quasi-periodic solution with frequency vector uj. If g'{co) > such a solution 
describes a local attractor. 

For simphcity's sake we discuss the case g{x) = x^ and e e M, but the analysis can be easily generalised 
to any analytic function g (provided the non-degeneracy condition H1.4|l is satisfied). Furthermore the 
solution can be showed to extend to a function analytic in e in the domain Cj^ defined in Section VI of 
13 (cf. Figure 16 in 0). 

Let "0(2^) be the non-decreasing C°° function defined in 13.1|l and set x(x) := 1 — "^{x). Define, for all 
n e Z+, Xn(a;) := x(an^('^)a;/4) and i\jn[x) := ilj{a-\u})x/4). 

Set g^~^\x;e) = 1 and M^~^\x;e) = 0, and define iteratively g^"-\x;e) and M^^\x;e) as done in the 
case of Diophantine vectors. This means that for n = we can define g^^\x; e) and M^^\x; e) as in 1)3. 3|) . 
while for n > 1 we define 



[„]/^. N ^ £Xo(kl)---X»-i(kl)V'»(kl) 
^ ^ ' ' ix(l + iex)~Mi'^-^Hx:e) ' 



(l + iex) - A4["-il(a;;e) 
n oo (4.1) 

>/["l(x;e) = ^Xo(k|)...Xp(NI)MW(a;;e), Mi"\x; e) = eJ2 E ^t(^;£), 

where i5^„ is the set of renormalised self-energy clusters T on scale n and of order k, and the self-energy 
value Vt{x; e) is defined as in (|3.2() . Note that we are using the same definitions of Section^ in particular 
we are associating the factors e with the propagators rather than with the nodes (contrary to what done 
in inj). So far the only difference with respect to the case of the standard Diophantine condition concerns 
the multiscale decomposition: the factors 2"C(^ appearing in Xn and V'n are substituted with a^^{uj). 

Lemma 4.2 Assume that the renormalised propagators up to scale n — 1 can be bounded as 

for some positive constants (5 and C . Then for all p < n — 1 the number Np(9) of lines on scale p in any 
renormalised tree 9 and the number Np{T) of lines on scale p in any renormalised self-energy cluster T 
are bounded both by 

Np{9)<K2-P E I'^-l' Np{T)<K2-P ^ I'^-l' (^.3) 

veEB{e) veEB{T) 

for some positive constant K . If \e\ < Eq, with Eq small enough, then for all p < n ^ I one has 

\A&Hx;E)\<Di\E\^e-^'^\ \d^A&\x;E)\ < Di\E\''e-'^'^\ (4.4) 

for some positive constants Di and D2. Only the constant Di depends on [3. The constant Eq can be 
written as Eq — Cia^^ , with uq = no{u), (3) such that 

oo If 

n^o + l 2 ""('^) ^ 

and Ci a positive constant dependending on C but not on (3. 



Proof. The lemma can be proved by reasoning as in [SI E]- We simply sketch the proof, and omit 
the details. First of all note that, if we define n(t') = {n S Z+ : 2"^^ < \v\ < 2"} then one has 
l'^ ■ 1^1 > Oin(u){^)- Moreover n' > n implies a„'(u;) < a„(ti;), and a„'(a;) < Q;„(a;) implies n' > n. 
Set M{9) = Y1v£Eb{9) \^^\ ^^"^ M(T) = J2v£Eb(T) Wv\- The bound on Np{9) is obtained by proving by 
induction on the order of the renormahsed tree that if Np{e) ^ then Np{e) < 22-pM{0) - 1 Then, 
given a renormalised self-energy cluster T G >5fc^„, one proves first that M{T) > 2"~^, hence, again by 
induction, that if Np{T) ^ then Np{T) < 22-pM(T) - 1. Therefore iglSl) is proved. An important 
property is that if a cluster T has two external lines, with momenta u and u', respectively, with v ^ i/', 
both on scales greater or equal to n, so that |a; ■ i/j < q;„_i(ci;)/4 and jo; • v'\ < a„_i(a;)/4, then one has 
\uj ■ {v — v')\ < q;„_i(ci;), hence n{u — v') > n, so that M{T) > \v — u'] > 2"^^. For details we refer to 

IB. 

The bounds H4.4|l are obtained by exploiting the just mentioned bound on M{T) and half the expo- 
nential decay factors e"^'''"' associated with the vertices and endpoints internal to T to derive the factors 
e~^22 ^ -vvith D2 independent of /?, and by using the fact that any self-energy cluster T contributing to 
M^\x]e) must be of order at least 2 to derive the factors |ep. 

Then for any ng G IN and for any tree 0, we can bound each propagator on scale up to no with 
C~^a~^{u}) and the product of propagators on scale greater than no with 

n (C-ia-'^M)^"^^^ = C-^^^-.o..^"Wexp[/?M(0) f] i-log-i-^], (4.6) 

"="0 + 1 \ n=no + l " / 

so that, by choosing no according to H4.5() . the last exponential in 1)4.61) is controlled by half the exponential 
decay factor e~^*^'"^^ arising from the node factors. Then the sum of the values of all trees of order k is 
bounded by {C~^C'a~^Y^ for a suitable constant C" - taking into account all the constants other than 
C and the sums over the trees. Hence also the assertion about the dependence of Eq on Q:„„(a;) follows, 
and the proof of the lemma is complete. ■ 

As in [3| to prove existence of the quasi-periodic solution we need the following result, which together 
with Lemma [4.21 provides the proof of Theorem 14. II 

Lemma 4.3 For real e small enough the renormalised propagators satisfy the bounds \4-'i^ with 13—1. 
For e in the domain Cr in Figure 16 of J^ they satisfy the bounds i4.^ with 13 — 2. 

Proof. The proof can be carried out exactly as in [3]. Indeed it is enough to show that the propagators 
g^'^'{x]e) can be bounded proportionally to |cc|~'^, for e small enough in a suitable domain, and this 
follows from Lemmata 6.2 to 6.5 of |3], independently on the particular Diophantine condition assumed 
on ijj. ■ 

The proof of the theorem is completed if we show that the quasi-periodic solution is a local attractor 
if g' {cq) > 0. But this can be proved as in the case of Diophantine frequency vectors, by reasoning as in 
^ : indeed the only property that we need for the argument given in JlJ to work is the existence of the 
quasi-periodic solution. 
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